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Abstract. We investigate generalized amenability and biflatness prop- 
erties of various (operator) Segal algebras in both the group algebra, 
L^{G), and the Fourier algebra, A{G), of a locally compact group, G. 

I 

Barry Johnson introduced the important concept of amenabihty for Ba- 
nach algebras in [20j . where he proved, among many other things, that a 
group algebra L^{G) is amenable precisely when the locally compact group, 
G, is amenable. For other Banach algebras, it is often useful to relax some 
of the conditions in the original definition of amenability and a popular 
theme in abstract harmonic analysis has been to find, for various classes of 
Banach algebras associated to locally compact groups, a "correct notion" 
of amenability in the sense that it singles out the amenable groups. For 
example, the measure algebra M{G) is amenable if and only if G is both 
amenable and discrete [6], however M{G) is Connes-amenable (a definition 
of amenability for dual Banach algebras) exactly when G is amenable [33j. 
As another example, the Fourier algebra, A[G), can fail to be amenable even 
for compact groups [22], but is operator amenable (a version of amenability 
that makes sense for Banach algebras with an operator space structure) if 
and only if G is amenable [30] . 

The purpose of this paper is to examine the amenability properties of 
Segal algebras, in both L^{G) and A{G). All of the aforementioned versions 
of amenability imply the existence of a bounded approximate identity (or 
identity in the case of Connes-amenability) , however, a proper Segal algebra 
never has a bounded approximate identity [2]. Ghahramani, Loy and Zhang 
have introduced several notions of "amenablility without boundedness" , in- 
cluding approximate and pseudo-amenability, which do not a priori imply 
the existence of bounded approximate identities [H] , [T7] . It is thus natural 
to try to determine when a Segal algebra is approximately/pseudo-amenable. 
Indeed, this has already been considered in [T^ and [T7]. In particular, 
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Ghahramani and Zhang showed that if S^{G) is a Segal algebra in L^{G) 
with an approximate identity which "approximately commutes with orbits" 
(this includes all [SIN]-groups) and G is amenable, then S^{G) is pseudo- 
amenable and that when G is compact, S^{G) is pseudo-contractible [ITl 
Propostion 4.4 and Theorem 4.5] (also see [14^ Corollary 7.1]). At present, 
there is no known example of an approximately amenable Banach algebra 
without a bounded approximate identity, so in our study of Segal algebras 
we will only consider pseudo-amenability and pseudo-contractibility. We 
note that the approximate and pseudo-amenability of L^{G), M{G), and 
A{G) are studied in [H], [IT] and [E]. 

An important property, which is related to amenability, is the homological 
notion of biflatness (see, for example, [3, Theorem 2.9.65]). In Section 2 we 
provide a natural generalization of biflatness, in the spirit of the definitions 
of approximate and pseudo-amenability: approximate biflatness. Our defini- 
tion is inspired by a recent characterization of biflatness of A.Yu. Pirkovskii 
|26| . We prove that a sufficient condition for A to be pseudo-amenable is 
that it is approximately biflat and has an approximate identity (Theorem 
12. 4p . The section concludes with an examination of some hereditary proper- 
ties of (approximately) biflat Banach algebras that are needed in our study 
of the approximate cohomology of Segal algebras. 

In Section 3, we study Segal algebras, S'-'^(G), in L^{G). We prove that G 
is amenable when S'^{G) is pseudo-amenable (Theorem 13. ip and prove that 
for [SIN]-groups, S^{G) is either pseudo-amenable or approximately biflat if 
and only if G is amenable. For symmetric Segal algebras, we show that G 
is amenable exactly when S^{G) is a flat L^(G)-bimodule; which happens 
exactly when S^{G) has a type of approximate diagonal in L^{G)®S^{G) 
(Theorem 13. 3p . This idea in then used in Theorem [33] to give an alternative 
approach to that of [13] for describing continuous derivations from S^{G) 
into L^(G)-modules when G is amenable. We show in Theorem 13.51 that 
S^{G) is compact when S^{G) is pseudo-contractible (the converse to [T7] 
Theorem 4.5]). Finally, in Theorem 13. 61 we prove, for any group G and every 
continuous derivation D : S^{G) S^{G)*, that 7r*oL) is w*-approximately 
inner. 

In Sections 4 and 5 we turn our attention to (operator) Segal algebras in 
A(G). We first show in Theorem 14.21 that an arbitrary Segal algebra SA{G) 
in A{G) is pseudo-contractible if and only if G is discrete and SA{G) has 
an approximate identity. We then focus on the Lebesgue-Fourier algebra 
S^A{G) = A{G) n L^{G) which was introduced by Ghahramani and Lau 
in [12] . and was recently studied by Forrest, Wood, and the second-named 
author in [TT]. As well, we will examine Feichtinger's Segal algebra Sq{G) 
which was shown by the second-named author to have many remarkable 
properties [34] . We prove in Theorem 14.61 that when S^A{G) has an ap- 
proximate identity and G contains an abelian open subgroup, then S^A{G) 
is approximately biflat (and therefore pseudo-amenable) . Supposing that G 
contains an open subgroup, H, that is weakly amenable and such that Aj:/ , 
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the diagonal subgroup oi H x H, has a bounded approximate indicator (this 
is true for example whenever Ge, the connected component of the identity, 
is amenable), then S^A{G) is operator approximately biflat (and therefore 
operator pseudo-amenable) whenever it has an approximate identity (The- 
orem 14. 7p . We conclude with Theorem 15.31 which shows that under these 
same hypotheses, the Feichtinger Segal algebra, So{G), is actually operator 
biflat. This, in particular, implies that it is operator pseudo-amenable. 

1. Preliminaries 

1.1. Banach algebras of harmonc analysis. Let G be a locally compact 
group and let M (G) be the Banach space of complex- valued, regular Borel 
measures on G. The space M{G) is a unital Banach algebra with the con- 
volution multiplication and L^{G), the group algebra on G, is a closed ideal 
in M{G). We write Sg for the point mass at s S G; the element 6e is the 
identity of M(G), and 1^{G) is the closed subalgebra of M{G) generated by 
the point masses. 

Let G be a locally compact group, let P{G) be the set of all continu- 
ous positive definite functions on G, and let B[G) be its linear span. The 
space -B(G) can be identified with the dual of the group G*-algebra G*(G), 
this latter being the completion of L^{G) under its largest G*-norm. With 
pointwise multiplication and the dual norm, B{G) is a commutative regu- 
lar semisimple Banach algebra. The Fourier algebra A{G) is the closure of 
B{G)nGc{G) in B{G). It is shown in [8j that A{G) is a commutative regular 
semisimple Banach algebra whose carrier space is G. Also, up to isomor- 
phism, A{G) is the unique predual of VN{G), the von Neumann algebra 
generated by the left regular representation of G on L'^{G). 

Let H he a. closed subgroup of G, and let I{H) = G A{G) : v\jj = 0}. 
A net (u^) in B{G) is called an approximate indicator for H if 

(i) \\m.v{u^\^) = V for all v G A{H); and 

(ii) \\mwu^ = for all w G I{H). 

Approximate indicators were introduced in [I]. 

1.2. Operator spaces. Our standard reference for operator spaces is ff]. 
We summarize some basic definitions, below. 

Let y be a Banach space. An operator space structure on 1/ is a family 
of norms ||| • \\n : Mn{V) M^°}„eN - where each M„(l/) is the space of 
nxn matrices with entries inV ~ which satisfy Ruan's axioms. The natural 
morphisms between operator spaces are the completely bounded maps, i.e. 
those linear maps T : V ^ W which satisfy ||r||cb = sup„gj!j ll^nll < oo 
where T„ : M„(y) Mn{W) is given by Tn[vij] = [Tvij]. We say that T 
is completely contractive if HTljcfc < 1. Operator spaces admit an analogue 
of the projective tensor product ®, which we call the operator projective 
tensor product ®op- 
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If A is a Banach algebra which is also an operator space, and F is a left 
j4-module and an operator space, we say that F is a completely contractive 
left A-module if the product map ttq : A ® V ^ V extends to a complete 
contraction vr : A^opV — > V ■ Completely contractive right and bi-modules 
are defined similarly. We say that j4 is a completely contractive Banach al- 
gebra if it is a completely contractive bimodule over itself. Natural examples 
include L}{G), which inherits the maximal operator space structure as the 
predual of a commutative von Neumann algebra; and A[G), which inherits 
its operator space structure as the predual of VN{G). 

1.3. Amenability properties. Let A be a (completely contractive) Ba- 
nach algebra. 

Following Johnson [2T] we say that A is (operator) amenable if A admits 
is a hounded approximate diagonal, i.e. a bounded net {ma) in A® A (resp. 
in A®op^) such that 

(1) a ■ rua — rua • a — > 0, 7r(mQ,)a — > a 

for all a G A, where a ■ {b ® c) = (ab) (8> c, (6 (g) c) • a = 6 (g) (ca), and vr is 
the product map. (Operator) amenability of A is equivalent to having every 
(completely) bounded derivation from A into a(n operator) dual bimodule 
be inner; see ^21j . A natural relaxation of amenability is to allow A to admit 
a diagonal net, as in ([l]) above, but not insist that it is bounded. In doing 
so we obtain (operator) pseudo-amenability, as defined in [14]. If A admits a 
net in A^A (resp. in AiSiopA) which satisfies ([I]), and the additional property 
that a ■ rUa = rUa ■ a, then A is said to be (operator) pseudo-contractible, as 
defined in |17J. 

We say that A is (operator) biflat if there is a (completely bounded) 
bounded ^-bimodule map 9 : {A^A}* A* (resp. (A^opA)* A*) such 
that 6 o IT* = idA* ■ A.Ya. Helemskii proved that A is amenable if and only 
if A is biflat and admits a bounded approximate identity; see [18] or [3]. 
The analogous characterization of operator amenability follows similarly. A 
(completely contractive) left A-module is said to be (operator) projective if 
there is a (completely bounded) bounded left A-module map ^ : V ^ A<SiV 
(resp. V — >• A^opV) such that vr o ^ = idy. As similar definition holds for 
right modules. A is (operator) biprojective if there is a (completely bounded) 
bounded A-bimodule map ^ : A ^ A(g)A (resp. A — > AcSopA) such that 
vr o ^ = idA- 

1.4. Segal algebras. Segal algebras were first defined by H. Reiter for 
group algebras; see [29], for example. The definition of operator Segal al- 
gebras appeared in [11]. However, our abstract definition deviates from the 
one given in [TT] in the sense that we demand that Segal algebras be essential 
modules. 

Let A be a (completely contractive) Banach algebra. An (operator) Segal 
algebra is a subspace B oi A such that 
(i) B is dense in A, 
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(ii) B is a left ideal in A, and 

(iii) B admits a norm (operator space structure) || • \\b under which it 
is complete and a (completely) contractive A-module. 

(iv) B is an essential A- module: ^ • i? is || • ||s-dense in B. 

We further say that B is symmetric if it is also a (completely) contractive 
essential right vl-module. 

In the case that A = L^{G) we will write S'^{G) instead of B and further 
insist that 

(iv) S'^iG) is closed under left translations: L^f € S^{G) for all x in G 
and / in S^{G) 

where Lxf{y) = f{x~^y) for y in G. By well-known techniques, condition 
(iii) on i? = S^{G) is equivalent to 

(iii') the map (x, /) i-^ L^f : G x S^{G) — > S^{G) is continuous 
with||L2./|[5i = ll/llgi for all x in G and / in S^{G). 
Moreover, symmetry for S^{G) is equivalent to having that S^{G) is closed 
under right actions - Rxf € S^{G) for x in G and / in S^{G), where 
Rxf{y) = f{yx~^)A.{x~^) - with the actions being continuous and isometric. 

We will discuss two specific types of operator Segal algebras in the Fourier 
algebra A{G). One is the Lebesgue- Fourier algebra, S^A{G), whose study 
was initiated in [12], and which was shown to be an operator Segal algebra 
in [Tl]. The second is Feichtinger's algebra 5*0 (G), whose study in the non- 
commutaive case was taken up in |34j; this study included an exposition 
of the operator space structure. Though slightly different terminology was 
used in that article, it was proved there that So{G) is an operator Segal 
algebra in A{G), in the sense defined above. 

2. Approximate biflatness and pseudo-amenability 

Throughout this section, ^ is a Banach algebra. Recall that if E, F 
are Banach spaces, then the weak* operator topology (W*OT) on B{E, F*) 
is the locally convex topology determined by the seminorms {Pej '■ e G 
E, f € F} where Pej{T) = \{f,Te)\. On bounded sets, the W*dT is ex- 
actly the tt;*-topology of B{E,F*) when identified with (S®F)*, so closed 
balls of B{E,F*) are W*OT compact. When E and F are operator spaces, 
CB{E,F*) is identified with (E^opF)* [3 Corollary 7.1.5]. On || • 
bounded subsets of CB{E, F*), the W*OT agrees with the weak* topology. 

Suppose that X and Y are Banach ^-bimodules. Following A.Yu. Pirkovskii 
[26], a net {6s)s of bounded linear maps from X into Y, satisfying 

(2) \\9s{a ■ x) - a ■ es{x)\\ ^ and \\es{x ■ a) - Osix) ■ a\\ ^ 

for all a in A, will be called an approximate A-himodule morphism from 
X to Y. If y is a dual Banach space, and instead of norm convergence 
we have ?i'*-convergence in ([2]), we call {9s)s a w* -approximate A-himodule 
morphism. 

The following proposition may be compared with [261 Corollary 3.2]. 



6 



EBRAHIM SAMEI, NICO SPRONK AND ROSS STOKKE 



Proposition 2.1. The following statements are equivalent: 

(i) A is biflat; 

(ii) there is a net 6s : {A(S^A)* ^ A* {6 ^ A) of A-bimodule mor- 
phisms such that {9s)s is uniformly bounded in B{{Ai^A)* , A*) and 
W*OT-lims BsoTT* = id A*; 

(iii) there is a w* -approximate A-bimodule morphism Og : (A^A)* — s- 
A* (6 € A) such that {9s)s is uniformly bounded in B{{A^A)* , A*) 
and l^*0r-lim5 6*5 o vr* = idA* • 

Proof. The implications (i) (ii) and (m) ^ (iii) are trivial. Let {9s)s be 
a 'u;*-approximate morphism satisfying the properties of statement (iii). As 
bounded subsets of B{{A^A)* , A*) are relatively W*OT compact, {6s) 5 has 
a W*OT limit point, 9; we may assume that W*OT-\[ms 9s = 9. Routine 
calculations show that 9 is an yl-bimodule map such that 9 o n* = idA*- 
□ □ 



Remark 2.2. When ^ is a quantized Banach algebra, one can similarly 
prove an operator space version of Proposition 12.11 

A is operator biflat if and only if there is a net 9s '■ {A^opA)* — 
A* {6 G A) of completely bounded A-bimodule morphisms such that 
sup5 11^,5 II c6 < 00 and W*OT-\\ms 9s o it* = idA* ■ 

By dropping the condition of uniform boundedness from statement (ii) of 
Proposition 12.11 we obtain our definition of (operator) approximate biflat- 
ness. Remark 14.91 gives examples of approximately biflat Banach algebras 
which are not biflat. 

Definition 2.3. We call a (quantized) Banach algebra. A, (operator) ap- 
proximately biflat if there is a net 9s ■ (Ai^A)* A* (respectively, 9s ■ 
(A^opA)* — > A*) (5 € A) of (completely) bounded ^-bimodule morphisms 
such that W*OT-lims 9s o n* = idA* ■ 

Note that statement (iii) in the following theorem agrees with statement 
(iii) of Proposition [2rH except that we have dropped the condition of uniform 
boundedness. Statement (ii) may be seen as an approximate biprojectivity 
condition. 

Theorem 2.4. Consider the following conditions for a Banach algebra A: 

(i) A is pseudo-amenable; 

(ii) there is an approximate A-bimodule morphism (Ps) from A into A^A 
such that 

llvr o /^^(a) - a|| ^ {a e A); 

(iii) there is a w* -approximate A-bimodule morphism 9s : (Ai^A)* — > 
A* {6 G A) such that W*OT-\ims 9sott* = idA*; 

(iv) A is approximately biflat. 
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Then (i) =^ (ii) =^ (Hi) and if A has a central approximate identity, then 
(Hi) =^ (i). If A has an approximate identity, then (iv) =^ (i). 

Proof. Assuming that condition (i) holds, let (nis) be an approximate diag- 
onal for A. Then it is easy to check that 

Ps ■ A ^ A^A : a ^ a ■ ms 

satisfies the properties of condition (ii). The dual maps 8s = f3g satisfy the 
conditions of statement (iii). 

Suppose that 9s : {Ai^A}* —i- A* {6 £ A) satisfies the conditions of 
statement (iii) and let (eA)AeA be a central approximate identity for A. 
Then for any a £ A and ^p G {A^A}* 

limlim(?/;, a ■ 0^(ex) — 6g{ex) ■ a) = limlim(eA, Os{ip ■ a) — 9s{a ■ tp)) 
\ S X 5 

= limlim(eA,6'<5('0 • a) - Os{ij) ■ a + Osi'il') ■ a - 9s{a ■ ^j)) 

A S 

(*) = lim lim(eA, Osii/j • a) - 9s{iIj) - a) + {e\,a- esiip) - 9s{a ■ ip)) 

X 5 

= lim(0 + 0) = 

where we have used the centrality of (e^) at line (*). Also, for a € A and 
<P€A*, 

limlim((/),7r**(^|(eA)) -a) = lim lim(eA, (a • </>))) 
X S X 6 

= lim(eA, a • (f)) = lim(eAa, (f)) 
X X 

= {a,4>). 

Let E = A X be directed by the product ordering and for each /3 = 
(A, ((5a')) G E, let = 9s^{ex) £ [A^A]**. Using the iterated limit theo- 
rem [23\ p. 69], the above calculations give for each a in j4 

(3) a ■ nip — mp • a ^ 0, in {A® A)** 

and ■n**{mp)a a, w* in A** . 

As in the proof of [171 Proposition 2.3] we can use Goldstine's theorem to 
obtain (m^) in A^A, and we can replace weak* convergence in equation 
([3]) by weak convergence. This implies, via Mazur's theorem, that A is 
pseudo-amenable (again see [17', Propostion 2.3]). 

The proof that A is pseudo-amenable when A is approximately biflat and 
has an approximate identity (ca) is the same as that given above, except 
that we reverse the order in which we calculate the iterated limits and use 
the fact that each 9s is now an ^-bimodule map: 

lim lima • 9Uex) — 9Uex) ■ a = limlim6'r(a ■ ex — ex ■ a) = limO = 

5 A o\ / o\ / S \ S 
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and 



limlim((/>,7r**(0|(eA)) - a) = limlim(eAa, 05(vr*(0))) 
S X 5 X 

= lim{a,es{7r*{ct)))) = (a, 

o 



This completes the proof. 



□ 



□ 



One can similarly prove the analogous relationship between operator pseudo- 
amenability and operator approximate biflatness. Our motivation in writing 
this paper has been to obtain information about the approximate (co)homology 
of Segal algebras, so we will not attempt to exhaustively determine the rela- 
tionship between approximate biflatness and other forms of amenability. In- 
stead, we have chosen to only examine approximate biflatness versus pseudo- 
amenability (Theorem [23]) and refer the reader to [14] for a detailed study of 
the relationship between pseudo-amenability and several other amenability 
properties. We will, however, conclude this section with an examination of 
some hereditary properties of (approximately) biflat Banach algebras that 
are needed in the sequel. 

Proposition 2.5. Let B he an (operator) Segal algebra in A, and suppose 
that B contains a net (eA)AgA in its centre such that (e|)AGA is an approx- 
imate identity for B. If A is (operator) approximately biflat, then so is 
B. 

Proof. We will prove the operator space version of the proposition - the 
other case is similar. Let T\ be the completely bounded map specified by 

T\ : yl(g)opA B^opB : a^b ae\ be\. 

As ex is central in B, T\ is a S-bimodule map. Let 0^ : {A®A)* — > 
A* {5 G A) be a net of completely bounded ^-bimodule maps such that 
W*OT-\\m.^ 9soit\ = idA* , and consider the completely bounded 5-bimodule 



map, p : A* ^ B* 



B 



Let E = A X be directed by the product 



ordering, and for each (3 = (A, ((5a')a') ^ E, define Ojs : {B®opB)* B* so 
that the diagram commutes: 



{A^opAY 



{B®opBy 



A* 



B* 



That is. Op = p o o T^^ a completely bounded S-bimodule map. Note 
that because e\ lies in the centre of B, 



n o 7T%ict>) = 7r\ o Rl{<p) (A G A, G B*), 
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where Rx : A ^ B : a i-^ ae\. Let (j) ^ B*, b € B. By the iterated hmit 
theorem we have 

hm(6,^^O7r^(0)) = lunhm{b,{poesoT*^OTT%){ct>)) 

p AO 

= hmhm(6,(^?5 7rloi?*)(</,)) 

A o 

= hm(6,i?l(0)) 

A 
A 

Hence, W*OT-\imfs Op o ttb* = ids* ■ □ □ 

Note that if (eA)A is an approximate identity which is bounded in the 
multipher norm on B, then (e^)^ is also an approximate identity for B. 

Definition 2.6. The (operator) biflatness constant of an (operator) bi- 
flat (quantized) Banach algebra A is the number = inf^ ||^|| (respec- 
tively, BF^ = inf^, ll^^llcfe) where the infimum is taken over all (completely) 
bounded ^-bimodule maps 9 : {A^A}* A* (resp. 9 : {A§)opA)* A*) 
such that 9 OTT* = zd^* . 

Proposition 2.7. Let A be a (quantized) Banach algebra containing a di- 
rected family of closed ideals {A^ : 7 G F} such that for each 7 G F there is 
a (completely) bounded homomorphic projection of A onto A^. Suppose 
that either 

(i) A has a central approximate identity {ex)x in U^A^; or 

(ii) for each a e A, WP-yU — a\\ — 0. 

(a) If each A^ is (operator) approximately biflat, then so is A. 

(b) // each A^ is (operator) biflat with s\xp^ BFa^i < 00 (respec- 
tively, sup^ BF^^ < 00), and (i) holds with {ex)x bounded in 
the (completely bounded) multiplier norm of A, or (ii) holds 
with sup,, < 00 (respectively, sup^ H-fVllcfc < 00 then A is 
(operator) biflat. 

Proof. Wc first prove (a). Given a = {F,^,e) where F C A, ^ C A* are 
finite, and e > 0, we will find an yl-bimodule map 9a '■ (A^A)* A* such 
that 

(4) \{a,i9aOTr*M)-4>)\<e (a G F, e $). 
Assuming first that condition (i) holds, take e^o = eo such that 

(5) \\aeo-a\\<e/2M (a G F) 

where M = sup{l|0|| : G Choose 70 G F such that eo G A^y^. Consider 
the maps 

to : ^70 ®^7o Ai^A : a (8) 6 1-^ a (8> 6 and Tq : A ^ A^^ : a aeg 
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and let ttq : A^^^A^^^ — > A^^ be the multiplication map. As A'jQ is approx- 
imately biflat, there is an A^g-bimodule map 0o : {A-y^^ 
that 



(6) Kroa,(0oo7ro*)((/>|^^^) -(/>|^^^^)| < e/2 

Define 9a so that the diagram commutes: 

do 



ia€F, 



Y — 



A*^ such 



(^70 



70 ; 



4* 
^70 



A 



That is, let 6^ = o 
give 

I (a, (0„ovrl)(</.)-0)| 



{A® AY 

6qo Lq. For a ^ F and cp & equations ([5|) and 



< 
< 
< 



\{Toa, (eo{L*o{7T\{(P))) - <P)\ + \{Toa - a, 



I (Toa, (6*0 o ttq 



^70 



)| + ||aeo 



If condition (ii) holds, we instead choose 70 such that HP^qO — o|| < e/2M 
{a & F). By replacing Tq in the above paragraph by P^^ we again obtain 
equation (j3|). 

Because we only know that ^0 is an ^-yg-bimodule map, the argument 
showing that that 6a is an A-bimodule map requires some care. Note that 

io(a • V') = ^7o(«) • i^*oW (a G A, ^^J £ (A^A)*) 
where on the left and right we respectively have A-module, and ^^Q-module, 
actions. Let a,b G A, ip (A^A)* and assume first that 0^ = Tq o 6q o Lq. 
Then 

{b,ea{a-i;)) = {Tob,eo{iUa-m 

= {Tob,P^,{a)-9o{iUm 
= {Toib)P,,{a),eo{i*M))) 
= {To{ba),eo{iUm 

= {ba,T^{9oii*o{m) 
= {b,a-dam, 

where we have used the fact that TobP^^a = P^p((To6)a) = beoa = baeo = 
To{ba). As well, P-y^bP-y^a = P^^iba), so the same argument works when 
9a = -P^p o ^0 ° '■0- ^ symmetric argument shows that 9a is also a right A- 
module map. The operator biflatness version of part (a) is proved in exactly 
the same way. 

Under the hypotheses of the non-bracketed part of statement (b), the 
maps 9a can be chosen to be uniformly bounded in B{{A^A)* , A*), so bi- 
flatness follows from Proposition 12.11 If ^ is a quantized Banach algebra. 
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then the bracketed hypotheses of statement (b) yield completely bounded 
maps 6a in CB[{A®opA)* ^ A*) such that sup^, ||^a||cf) < oo. Operator biflat- 
ness of A follows from Remarks I2.2i □ □ 



If {Vi : i G /} is a family of operator spaces, we let 0fgj Vi {1 <p < oo) 
have the operator space structure it attains as the predual of the direct 
product of dual spaces in the case p = 1, and through interpolation in the 
case p> 1. See [27j . 

Proposition 2.8. Let {Ai : i 1} be a family of (quantized) Banach alge- 
bras. 

(i) // each Ai is (operator) approximately biflat, then for 1 < p < oo, 
©fg/ is ( operator) approximately biflat. 

(ii) If Ai, A2 are operator approximately biflat quantized Banach alge- 
bras and A = Ai (B A2 has an operator space structure such that 
the projection maps A ^ Ai are completely bounded, then A is also 
operator approximately biflat. 

(iii) // each Ai is (operator) biflat and supiBFA^ < 00 (respectively 
supj BF^^ < 00), then ^l^j Ai is ( operator) biflat. 

Proof. We first prove (ii). Let a = (F, $,e), where e > 0, and F C A, 



^ C A* are finite. Let 9i : {Ai't 
^j-bimodule map such that 

\{ai,9iOTr\f<j)i) -(j)i)\ < e/2 



yop 



Ai 



A* be a completely bounded 



(where 



). Let Ei : Ai 



{i = l,2, a= (01,02) G F, G $) 
A and pi : A ^ Ai he the embedding and 



projection maps and let 6i 
the commuting diagram: 



p* oOiO {E, (g) Ei 



1,2). Thus, we have 



(A^opA)* 
(^Ai^QpAi)* 



A* 



A 



A* is a completely 



Standard arguments show that = 61 + 62 : (A^opA)* 
bounded A-bimodule map such that 

\{a,6oT,\{<l))-^)\<e (a G (/> G $). 

This proves (ii). Obviously, the (non-quantized) Banach algebra version of 
(ii) holds for arbitrary direct sums Ai ® A2. Suppose further that A = 
Ai (B^ A2 is the (operator space) £^-direct sum of Ai and A2. If each Ai is 
(operator) biflat and 0j o vr^ = id^*, then observe that 6 o 11*^ = id a* and 

|[6l|| < maxlll^ill, ||6'2||} (respectively, \\6\\cb < max{||6'i ||cb, ||6'2||cb})- 

Suppose now that for each i I, Ai is (operator) approximately biflat. 
Let r = {7 : 7 C / is finite} be ordered by inclusion. By induction, the first 
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case shows that = ©fg^ Ai is (operator) approximately biflat. Viewing 
A^ as an ideal in yl = ^^^j Ai, the natural homomorphic projection maps 
of A onto A^ are (completely) contractive and satisfy ||P^a — a|| — > 
(a G A). By Proposition 12.71 A is (operator) approximately biflat. This is 
statement (i). 

Finally, suppose that each Ai is operator biflat with supjgj < oo. As 

noted above, A^ = ^l^^ Ai is operator biflat with BF^^ < maxjg^ 

so the biflatness of ^l^j Ai follows from Proposition 12.71 This proves the 
operator space version of (iii). The other case is similar. □ □ 

3. Approximate biflatness and pseudo-amenability of S^{G) 

Throughout this section, S^{G) will denote an arbitrary Segal algebra in 
L^{G), where G is a locally compact group. Observe that because S^{G) 
embeds contractively onto a dense subspace of L^{G), L°°{G) in turn embeds 
contractively into S^{G)* via 

(/, 0) = / fis)cPis) ds if e S\G), cp e L~(G)). 
Jg 

Theorem 3.1. If S^{G) is pseudo-amenable, then G is amenable. 

Proof. Let (m-y)^gr C S^{G)^S^{G) be an approximate diagonal for S^{G). 
Let i : S^{G) L^{G) be the embedding map, let Iq be the augmentation 
character of L^{G), and put 

T = i(^lG: S\G)®S\G) ^ L\G) : f ® g ^ { ! g{s)ds)f. 

Jg 

By checking with elementary tensors, one can see that T satisfies 

T{k ■ m) = k * Tm and T{m ■ k) = { k{s)ds)Tm 

Jg 

where k G S\G), m G S\G)^S\G). Hence, for any k e S^G) with 
k{s)ds = 1, we have 

(7) \\k * Tm.y — Tm^\\ii(^Q-^ = \\T{k ■ — ■ A;)||^i(c') 

< \\k ■ — ■ k\\ 0. 

Fix h G S^{G) with J h = 1, and for each 7 let /-^ = /i * Tm^. For each 
X G G we then obtain 

(8) 114 * f-y- AIIlHg) < Wi^x *h)* Tm^ - rm^llii(G) 

+ \\Tm.y — h* Tm^\\ii(^Q-) — > 0. 

When m = f ® g, note that 

(lG,vr(m)) = (1g,/*5) = (1g,/)(1g,5) = (1g,(1g,5)/) = (IcTm), 
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and so 



lim/lc, h * 7r(m^)) 

7 

lim(lG,/i)(lG,vr(m^)) 

7 



lim(lG,Tm^) 

7 

lim(lG', h * TrUy) 



lim(lG,/7). 

7 



As ||/7||li(g) ^ 1(1^5/7)1 we may therefore assume that ||/7||li(g) ^ 1/2 
(7 € r). Defining 

^7 = Trnr — (7Gr), 

ll/7llii(G) 

we obtain a net of positive norm-one functions in L^{G) which by ([7]) satisfies 

\\Sx *9'y - 571^1(0 < 2||5^ * l/^l - |/7|||li(g) < 2||(5a; * ^ - /7||li(G) > 

for X € G. This imphes that G is amenable [25J - any t(;*-hmit point of 
{gy)y in L'^{G)* is a left-invariant mean on L°°{G). □ □ 

Corollary 3.2. Lei G he a [SIN]-group. Then the following statements are 
equivalent: 

(i) G is amenable; 

(ii) S^{G) is approximately biflat; 

(iii) S^{G) is pseudo-amenable. 

Proof. If statement (i) holds, then L^{G) is amenable and therefore biflat [H 
Theorem 2.9.65], and S^{G) has a central approximate identity (eA)A which 
is bounded in L^{G) [23]. Hence, (e|)A is also an approximate identity for 
S^{G), so (ii) is a consequence of Proposition [231 That (ii) implies (iii) and 
(iii) implies (i) are special cases of Theorems 12.41 and 13. II respectively. □ □ 

Proposition 4.4 of \T7] states that the converse to Theorem 13 . 1 1 holds when 
S^{G) has an approximate identity which "approximately commutes with 
orbits". When G is a [SIN]-group, S^{G) always has such an approximate 
identity so (i) =^ (iii) of Corollarv 13.21 is also a consequence \17\ Proposition 
4.4]. 

We do not know whether, in general, the amenability of G implies either 
approximate bilfatness or pseduo-amenability of S^{G) (see also [171 Ques- 
tion 3, P. 123]). However, as we show below, it is possible to construct a 
well-behaved approximate diagonal for S^{G) in L^{G)®S^{G) when G is 
amenable. 
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We say that S^{G) has an approximate diagonal in L^{G)®S^{G) if there 
is a net {m^j^gr in {0)1^13^ (G) such that, for every / G S^{G), 

f ■ — ■ f — > as 7 — > oo 

and 7r(m-y) is an approximate identity for S^{G). If, in addition, the associ- 
ated left and right multiplication operators : f f ■ and Ry : f 
rriy ■ f from S^{G) into L^{G)<SiS^{G) are uniformly bounded, then we say 
that S^{G) has a multiplier bounded approximate diagonal in L^{G)^S^{G). 
Finally, in either of the above cases, we say that the (multiplier-bounded) 
approximate diagonal is central if /-m^ = m^-f for all 7 G F and / € S^{G). 

Theorem 3.3. Let G be a locally compact group, and let S^{G) be a sym- 
metric Segal algebra. Then the following statements are equivalent: 

(i) G is amenable; 

(ii) S^{G) is a flat L}{G)-bimodule; 

(iii) S^{G) has an approximate diagonal in L^{G)'S>S^{G). 

(iv) S^{G) has a multiplier-bounded approximate diagonal in L^{G)iSS^{G). 

Proof, (i) =^ (ii) Since G is amenable, L^{G) is amenable. Also S^{G) is an 
essential Banach L^(G)-bimodule. Hence if vri is the convolution multipli- 
cation map from L^{G)'S'S^{G) onto S^{G), then the short exact sequence 
of L^(G)-bimodules 

^ SHG)* ^ {L\G)^SHG)y ^ (kervri)* ^ 0, 

is admissible, and therefore splits [3, Theorem 2.5]. 

(ii) =^ (iv) Let e : {L\G)^S\G))* S\G)* be a continuous L\G)- 
bimodule morphism such that 6 o n* = idgi^Qy. Let {cq} be an approx- 
imate identity for S^{G) with L^-norm equal to 1. Set Ua = ^*(ea) G 
(Li(G)gsnG'))**. Then, for every / G S^{G) and every a, 

Wf-nJ = |ir(/*e2)|| < \\e\\\\f*el\\siiG) < mWfWsHG)- 

Similar to the above, we have \\na • f\\ < ||^'||||/||5i(G)- Also 

7r**in^) = {7T**oe*)iel)=el, 

which is an approximate identity for S^{G). Finally, for / G S^{G) and 
G {L\G)0S\G))*, we have 

if -Ua-na- f , ^p) = {e*{el) , If ■ f - f ■ (f) 

= {e{ip) -f-f- e{^) , el) 

= {d{v) , f*el-el*f). 

Hence 

\\f -ria-ua- f\\ < ||6'||||/*e^-e^*/|lsi(G). 

Therefore f ■ — ■ f ^ 00 as a ^ 00. The final result follows from a 
similar argument to the one made in [17. Proposition 2.3]. 
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(iv) =^ (iii) is obvious and (iii) =^ (i) follows the argument found in the 
proof of Theorem 13.11 □ □ 

The following is [131, Theorem 3.1]. Here we present an alternative proof 
using the multiplier bounded approximate diagonals. 

Theorem 3.4. Let G be a locally compact amenable group, let S^{G) be a 
symmetric Segal algebra, and let X be a Banach L}{G)-bimodule. Then for 
every continuous derivation D : S^{G) — > X* , there is a continuous double 
centralizer (S, T) such that D = S — T . 

Proof. Suppose that D : (G) X* is a continuous derivation. By apply- 
ing the argument presented in the first two paragraphs of the proof of [13\ 
Theorem 3.1(ii)], we can assume that X is an essential -L^(G)-bimodule. By 
the proof of Theorem 13. 3( iv). we can choose a multiplier-bounded approxi- 
mate diagonal {nia} for S^{G) in L^{G)®S^{G) so that vr(ma) is bounded 
in L^-norm. 

Let rua = Yll^ifi ® 9f and define x* = Y^i^i ft ' ^idf)- Then, for 
f^SHG), 

f-xl-xl-f-7r{m^)-Dif)^0. (1) 

On the other hand, the operators Sa '■ f ^ f ■ x*^ and Ta : f ^ x*^- f from 
S^{G) into X* are uniformly bounded. Let 5 be a cluster point of {Sq}, 
and let T be a cluster point of {T^} in the weak*-operator topology. Then 
{S,T) is a double centralizer and for every / G S^{G) and ^ £ X, 

(e, S{f) - T{f) - D{f)) = lim(e, SM) - TM) - Arn^) ' D{f)) = 0, 

a 

where we have used equation (1) and the fact that X is essential. □ □ 

It is shown in [17^ Theorem 4.5] that S^{G) is pseudo-contractible if G is 
compact. In the following theorem, we prove the converse of that result and 
present other equivalent conditions on pseudo-contractiblity of S^{G) (see 
also [17' Proposition 3.8]). 

Theorem 3.5. Let G be a locally compact group, and let S^{G) be a Segal 
algebra. Then the following statements are equivalent: 

(i) G is compact; 

(ii) S'^{G) has a central approximate diagonal in L^{G)'S>S^{G); 

(iii) S^{G) is pseudo-contractible. 

If, in addition, S^{G) is symmetric, then the above statements are equiv- 
alent to either of the following statements: 

(iv) S^{G) is a projective L^{G)-bimodule; 

(v) S^{G) has a central multiplier-bounded approximate diagonal in L^{G)(E>S^{G). 

Proof, (i) =^ (iii) This is [17 1, Theorem 4.5]. 

(iii) =^ (ii) We note that from [38], S^{G) is (boundedly) approximately 
complemented in L^{G). Hence the map l ® ids\(^Q-^ : S^{G)®S^{G) — > 
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L^{G)^S^{G) is injective [37]. Therefore l idgii^Q^ maps a central ap- 
proximate diagonal in S^{G)<S)S^{G) into a central approximate diagonal in 
LHG)^S\G). 

(ii) (i) If S^{G) has a central approximate diagonal in L^{G)(E>S^{G), 
then a similar argument to the proof of Theorem 13.11 gives a non-zero func- 
tion / G L^{G) such that 6x * f = f {x G G). This implies that / is almost 
everywhere equal to a non-zero constant and it follows that G is compact. 

(i) ^ (iv) If G is compact, then L\G)^L\G°p) = L\G x G°p) is 
biprojective [18l IV, Theorem 5.13]. Hence S^{G) is a projective L^{G)- 
bimodule since it can be regarded as a Banach left {G)(^L^ {G°P)-rao(h\\e 
[m IV, Theorem 5.3]. 

Conversely, suppose that S'^(G) is a projective L^(G)-bimodule. Hence 
there is a continuous L^(G)-bimodule morphism /) : S^{G) — > L^{G)®S^{G) 
such that -K o p = idgi(^Qy Let Ic be the augmentation character of L^{G), 
and put 

r = i (g) 1g : L\G)§S\G) ^ L\G) -.f^g^if gis)ds)f. 

Jg 

Now define the operator pi : S^{G) — > L^{G) by 

pi = T o p. 

It is easy to check that pi is a continuous L^(G)-bimodule morphism. More- 
over, for / € S^{G) and g ^ Iq = ker 1^ n 5^(G), we have 

Piif * g) = Piif) ■ g = Pi{f)lG{g) = 0. 

Hence pi = on Iq since S^{G)Io is dense in Iq. Therefore pi induces a left 
L^(G)-module morphism 

p:SHG)/Io^L\G). 

However, S^{G)/Io is isomorphic with C as a Banach L^(G)-module for the 
product defined by 

/•A = A-/ = 1g(/)A (/ g l^g), a gC). 

Moreover, with the above identification, Ifjop = idc. Thus C is a projective 
left L^(G)-bimodule. This implies that G is compact (see, for example, [H 
Theorem 3.3.32(ii)]. 

(i) <;=^ (v) If G is compact, then S^{G) has a central approximate identity 
{sa} which has L^-norm equal to 1. On the other hand, from (iv), there is 
a continuous S'^(G)-bimodule morphism 6 : S^{G) — > L^{G)'S'S^{G) which 
is the right inverse to the convolution multiplication tti : L^{G)<^S^{G) — > 
S^{G). Thus if we put nia = ^(cq), then it is straightforward to show that 
{rua} is a central multiplier-bounded approximate diagonal in L^(G)®S^{G) 
for S^{G). The converse follows easily because (v) implies (iii). □ □ 
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It is shown in [13j that every continuous derivation from a symmetric 
Segal algebra S^{G) into S^{G)* is approximately inner whenever G is an 
amenable group or a SIN group. The following theorem is parallel to those 
results. 

Theorem 3.6. Let G be a locally compact group, and let S^{G) be a sym- 
metric Segal algebra. Then for every continuous derivation D : S^{G) — > 
S^{G)*, IT* o D is w* -approximately inner. 

Proof. Let D : S^{G) S^{G)* be a continuous derivation. Define the 
operator D : L^G) {S\G)^S^{G))* by 

{Dif), g0h) = {D{f*g)-fD{g), h) {f e L\G), g, h e S\G)). 

Since D is a derivation, it is straightforward to verify that D is a continuous 
derivation. Let {ea}a€i be an approximate identity in S^{G) having L^- 
norm equal to 1. Define the operator : {S\G)^S\G))* L°°{G x G) 
by 

Aa{T){f ^ g) = T{f * ca ^ ea * g), 

for every T G {S\G)^S\G))* and f,g G L\G). Clearly each A„ is a con- 
tinuous L^(G)-bimodule morphism. Hence AqoL) is a continuous derivation 
from L^{G) into L°°{G x G), and so, it is inner ([H Theorem 5.6.41], in the 
case where E = L^{G x G)). This means there is G L°°{G x G) such 
that 

D = ad^^ (a G /). 

Let i : S^{G) L^{G) be the inclusion map and put il)a = {i- ® i^Tifa)- 
Then 

{l l)* o o D = &d^^ {a el). (1) 

However, since ||eQ,||i = 1, it follows that for every T G {S^{G)'S>S^{G))* 
and g,he S^{G) 

liii^iy oA^{T) , g^h)\ = \{A^{T) , g ^ h)\ 

= \{T , g*ea®ea*h)\ 

< ll^llllf * 1151(G) ||e„ * h\\s^G) 

< ll^llll5'llsi(G)ll^l!si(t?)- 

Thus II (i (g) l)* o Aa\\ < 1, and so, 

l)* o Aa o D\\ < 2\\D\\. 

Hence there is A G B{L^{G), {S^{G) S^{G)y) such that (tgi)* o A„ oZ) ^ 
A in the W*OT of B{L\G), {S\G)^S\G))*). Now take f,g,h£ S\G). 
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Then 

{A{f),g^h) = lim((t (g) 0* o Aa o , 5 (g) /i) 

a 

= lim{D{f) , g*ea^ea*h) 

a 

= {D{f) , g®h) 
= {D{f) , g*h) 
= {7T*oDif) , g®h). 
Hence A o l = tt* o D. Therefore, from (1), it follows that 

IT* oD = W*OT - lim adw,, . 

a 

□ □ 

4. Approximate biflatness and pseudo-amenability of S^A{G) 

In the preceding section we saw that the pseudo-amenablity of a Segal 
algebra S^{G) in L}{G), implies that G, and hence L}{G), is amenable. In 
this section we prove that (operator) approximate biflatness, and therefore 
pseudo-amenability, of the (operator) Segal algebra S^A{G) is much weaker 
than the (operator) amenability of A{G) (Theorems 14.61 and 14. Th . On the 
other hand, the next theorem shows that the dual version of Theorem 13.51 is 
true. 

If F{G) is any collection of continuous functions on G, we let Fc{G) denote 
the set of compactly supported functions in F{G). 

Lemma 4.1. Let SA{G) be a Segal algebra in A(G). 

(i) // SA{G) has an approximate identity, then SAc{G) is dense in 
SA{G). 

(ii) If G is discrete, then the indicator function at g ^G, 6g, belongs to 
SA{G). 

Proof Let u G SA{G), e > 0. Take e G SA{G) such that \\ue - u\\sa < e/2. 
Choosing eo € Ac{G) such that ||e — eo|U < e/(2|jii||5A) we have ucq £ 
SAc{G) and 

il^^eo - u\\sA < \\ueo - ue\\sA + \\ue - u\\sa < \\u\\sA\\eo - e|U + e/2 < £• 

This proves (i). If G is discrete, then for g £ G, 5g € A{G) and we can 
choose u € SA{G) such that ||n — 5g\\A < 1/2. Then \u{g) — 1| < 1/2, so 

u{g) 7^ 0. Now 6g = udg € SA{G) proving statement (ii). □ □ 
u[g) 

Theorem 4.2. Let SA{G) be an (operator) Segal algebra of A{G). Then 
the following statements are equivalent: 

(i) SA{G) has an approximate identity and G is discrete; 

(ii) SA{G) has an approximate identity and is (operator) approximately 
biprojective; 
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(iii) SA{G) is (operator) pseudo-contractible. 

Proof. We prove the operator space version of the theorem. Suppose that G 
is discrete and that SA{G) has an approximate identity (eA)AgA- By Lemma 
14. H we may assume that each ex has compact support Ex, and we can define 
mx e SA{G)^opSA{G) by 

mx= Yl eA(2;)('^x <S) 4) (A e A). 

It is clear that a ■ mx = mx ■ a {a £ SA{G)) and vr(mA) = (A G A), an 
approximate identity. Hence, SA{G) is operator pseudo-contractible. 

Assuming that SA{G) is operator pseudo-contractible, let {ma)a be an 
operator approximate diagonal for SA{G) such that a ■ ma = ma ■ a {a G 
SA{G)). Let T = idsA{G)(^Ke) ■ SA{G)§opSA{G) SA{G) where A(e) is 
the (completely) bounded functional on SA{G) defined by X{e)u = u{e). By 
checking with elementary tensors m = u®v, one sees that T{a ■ m) = aTm, 
T{m ■ a) = a{e)Tm (a € SA(G)), and Tm{e) = 7r(m)(e). Hence, we can 
choose = Tma such that 

= V'a (a G SA{G), a(e) = 1) and ^pie) / 0. 

The remainder of the proof is similar to the proof of [28^ Proposition 5]. 
Let g G and choose v £ A{G) such that v{g) = 0, v{e) = 1, and take 
a € SA{G) such that a(e) = 1. Then av € SA{G) satisfies av{e) = 1, so 

= avip(g) = tlj{g). Hence, 6e = ——-ip, which is a continuous function on 

ip[e) 

G. Hence, G is discrete. The equivalence of statements (ii) and (iii) is a 
special case of (the operator space version of) [17', Proposition 3.8]. □ □ 

Lemma 4.3. Let F : S^A{H) — > S^A{G) be a linear map with a completely 

bounded extension : A{H) — > A{G) and (completely) bounded extension 
F^ : L}{H) — > L}{G). Then F is itself completely bounded. 

Proof. By definition, S^A{G) inherits its operator space structure via the 
embedding 

S^A{G) ^ A{G) 01 L\G) : u ^ {u,u) 
[111 p. 4]. As F^ and F^ are completely bounded, so is 

F^®F^ : A{H) 01 L^{H) ^ A{G) ®i L\G) 

with ||F^0F^|lc6 < \\F^\\cb+\\F^\\cb- Hence F = {F"^ ® F^)\sia{h) 
completely bounded. □ □ 

The "completely bounded" part of the next lemma will not be needed, 
but may be of independent interest. 

Lemma 4.4. // A{G) has an approximate identity which is bounded in the 
(completely bounded) multiplier norm, then so does S^A(G). 
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Proof. Let (eA)AeA be an approximate identity for A{G) with bound R in 
the multiplier norm of A{G); we may further suppose that (ca) is contained 
in S^A{G). Given x ^ G, choose v S A{G) such that ||v|U(G) = 1 ^iid 
v{x) = 1. Then for any A, |eA(x)| < HeAwHoo < ||eAi'IU(G) < R\\v\\a(G) = 
Hence, 

(9) ||eA||oo<i? (AG A) 

and therefore, for any v G S^A{G), 

\\exv\\s-^A = l|eAt^lU(G) + lleAwllii < i?||t;|U(G) + RM\l^ = R\\v\\sia- 

Thus, (eA) is also bounded in the multiplier norm of S^A[G). As (ca) 
is an approximate identity for A{G), ba — > 1 in the topology of uniform 
convergence on compact subsets of G. This, together with equation Q, 
yields 

\\exv-v\\L^^O {veS^A{G)). 

Consequently, (ca) is an approximate identity for S^A{G). 

Suppose now that (ca) is bounded, again by R, in the c6-multiplier norm 
in A{G). Again, we can suppose without loss of generality that (ca) is 
contained in S^A{G). From equation ([9]) we know that the maps 

L\G) — >L\G):a^ exa 

are bounded by R. It follows from Lemma 14.31 that (ca) is bounded in the 
completely bounded multiplier norm taken with respect to S^A{G). □ □ 

If u is a function defined on a subgroup H of G, we let 

u{x) if X G H 



u°{x) 



otherwise. 



Theorem 4.5. Let G be a locally compact group such that S^A{G) has 
an approximate identity. If H is an open subgroup of G, and S^A{H) is 
(operator) approximately biflat, then so is S^A{G). 

Proof. Let C be a transversal for left cosets of H in G, and assume that 
e £ C. Order the collection T of finite subsets of C by inclusion, and for 
each 7 G r, let = Ux^'yxH. Let S^A-y = {n G S^A{G) : u = uIe^^}, 
S^Ax = S^A^x}- 

Assuming that Haar measure on H is the restriction to H of the Haar 
measure on G, the map u° defines a (completely) isometric isomorphism 
of A{H) onto Ae = {v £ A{G) : v = v\h} Proposition 4.2] and of 
L^{H) into L^{G). On A[H), the inverse of this map is the restriction of r : 

A{G) — > A{H) : u ^ u to Ag, which by [361 Proposition 4.3] is a complete 

contraction. It follows that u i— > n° is an isometric isomorphism of S^A{H) 
onto S^Af, which, by Lemma 14.31 is a complete isomorphism. Similarly, 
for each x £ G left translation by x~^ is a complete isomorphism of S^A^, 
onto S^Ax O Lemma 4.4]. Hence, the (operator) approximate biflatness of 
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S^A{H) implies that of S^Ax- Lemma 14.31 also implies that the projection 
maps S^A{G) — S^Ax : u i— > uIxH are completely bounded, so S^A^ = 
©xG7 (t £ T) is (operator) approximately biflat by Proposition l2. 81 (b). 
Let {ex)x be an approximate identity for S^A{G). As noted on page 10 of 
[Tlj . Ac{G) is dense in S^A{G), so we may assume that each ex has compact 
support so that (eA)A C U-yS'^A.y. If we define projections P-y of S^A{G) 
onto S^A-y by P^u = uIe^, the (operator) approximate biflatness of S^A{G) 
follows from Proposition 12.71 □ □ 

Theorem 4.6. Let G be a locally compact group such that S^A{G) has an 
approximate identity. If G contains an abelian open subgroup, then S^A{G) 
is approximately biflat and therefore pseudo-amenable. 

Proof. Let H be an open abelian subgroup of G. Then A{H) is amenable 
and therefore biflat by [H Theorem 2.9.65]. By Lemma SiU S^A{H) has 
an approximate identity (eA)A which is bounded in the multiplier norm of 
S^A{H); hence (e|)A is also an approximate identity for S^A{H). By first 
applying Proposition [221 then Theorem l4.5l we can conclude that S^A{G) is 
approximately biflat. Pseudo-amenability of S^A{G) follows from Theorem 

[Man 

Theorem 4.7. Let G be a locally compact group such that S^A{G) has an 
approximate identity, and suppose that G contains an open subgroup H such 
that A(H) has an approximate identity which is multiplier-norm bounded. If 
Afi has a bounded approximate indicator, then S^A{G) is operator approxi- 
mately biflat and operator pseudo-amenable. 

Proof. By [1, Proposition 2.3], A{H) is operator biflat. As with the proof 
of Theorem 14.61 Lemma 14.41 Proposition 12.51 and Theorem 14.51 yield the 
operator approximate biflatness of S^A{G). □ □ 

It is shown in [T] that Ah has a bounded approximate indicator whenever 
H can be continuously embedded in a [QSIN]-group. Every amenable group 
and every [SIN]-group is a [QSIN]-group. When Ge, the principle component 
of G, is amenable, the proof of |161, Proposition 5.2] shows that G contains an 
amenable open subgroup. Hence we have the following corollary to Theorem 
1471 

Corollary 4.8. Let G be a locally compact group such that S^A{G) h as an 
approximate identity. If Ge is amenable, then S^A{G) is operator approxi- 
mately biflat and operator pseudo-amenable. 

Remark 4.9. The same arguments show that under the hypotheses of The- 
orems |4?6l and [421 A{G) is, respectively, approximately biflat and operator 
approximately bifiat. By choosing G to be any amenable group which con- 
tains an open abelian subgroup but which is not a finite extension of an 
abelian group (such as the integer Heisenberg group), A{G) provides an 
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example of a Banach algebra which is approximately biflat, but not biflat. 
Indeed, in this case A{G) has a bounded approximate identity, so if A{G) 
were biflat it would be amenable [U Theorem 2.9.65] in contradiction to the 
main result of 110!. 



5. Feichtinger's Segal algebra 

Let us recall the definition of So{G). Let K he a, compact subset of G 
with non-empty interior and Ak{G) = {u G A{G) : suppu C K}. We let 

QK : £\G)^opAk{G) A{G) qK{6s (S)v) = s*v 

where s*v{t) = v{s~^t) and denotes the operator projective tensor norm, 
which in this case is the same as the projective tensor norm (8). Then we set 

So{G) = ranqK 

and assign So{G) the operator space structure (hence Banach space struc- 
ture) it inherits as a quotient oi 1^{G)<SAk{G). We recall that this operator 
space structure is completely isomorphically, though not completely isomet- 
rically, independent of the choice of the set K. We do not know a tractable 
formula for the norm of a matrix [vij] in M„(S'o(G)). However, if we con- 
sider a dual formulation, and consider matrices with a "trace-class" norm, 
Tn{S(){G)) = r„(g)S'o(G), we obtain for any nxn matrix [vij] with entries in 
SoiG) 



: where each Sk € G and 



E 



We recall for any operator space V that a linear map 5 : V ^ V is completely 
bounded if and only if the sequence of maps 

TniS) : r„(v) ^ r„(v), Tn{s)[vij] = [Svij] 

are uniformly bounded, and we have \\S\\cb = sup^gj^ |[T„(S')||. 
We let the multiplier algebra of So{G) be given by 

MSo{G) = {u:G^C : uSo{G) C So{G)}. 

The usual closed graph theorem argument tells us that for each u in MSo{G), 
the operator v i-^ uv is bounded. We further define the completely bounded 
multiplier algebra of So{G) by 

McbSo{G) = {ue MSo{G) : v ^ uv : So{G) So{G) is c.b}. 

We thus obtain the following modest description of the multipliers and the 
completely bounded multipliers. 

Proposition 5.1. Let u : G C 

(i) u £ MSo{G) if and only if for any compact subset K of G with non- 
empty interior we have uAk{G) C Ak{G) and 

\\u\\MTa.nqK = SUp{\\uS*v\\a : S eG,V £ Ak^G), \\v\\a < 1} < OO. 
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(ii) u G McbSo{G) if and only if for any compact subset K of G with 
non-empy interior we have uAk{G) C Ak{G) and 

II II fur 111 seG,[vij] eT^{AK{G))\ 

\\u\\M,,r3.nqK = SUp 1 1| ||r„(A) : \\[vij]\\T (A) < 1 J < 

We note that by regularity of A{G), the condition uAk{G) C Ak{G), for 
any K as above, is equivalent to saying that u is locally an element of A{G). 

Proof. We will show only (ii), the proof of (i) being similar. 

If u G Mf.bSo{G), let ruu : So{G) So{G) be given by m„v = uv. Note 
that for any s in G, compact K C G with non-empty interior and [vij] in 
TniAxiG)) we have [s*Vij] G T„(S'o(G)) with 

ll[«*%]||T„{ranqjf) = II *%] ||t„ (A) • 

Since Ak{G) C So{G), it is clear that uAk{G) C Ak{G). Moreover, since 
So{G) is closed under translations, it follows that u{s*Ak{G)) C s*Ak{G) 
too. Hence for s, [fij] as above with ||[%]||t„{A) ^ we have 

II[^*«*%]||t„(A) = \\[uS*Vij]\\T„^A) 

= ||r„(m„)|| < \\mu\\cB(ranqK) 

Conversely, if the latter conditions hold, we let [vij] £ T„(S'o(G)), s > 0, and 
find elements in G, and matices [vl^^] in Tn{AK{G)) such that 



= J2^Sk*vij^] and ^ llb-f ]||r„(A) < l|[%-]||T„(ranqK) + 



4f]and £iirJ*^)i 

fc=l k=l 
Then we have 

\\Tnimu)[Vij]\\T„{re,nqK) = II llr„(ranqK) 

oo 

<^\\[uSk*vlj^]\\T„iA) 



k=l 

oo 



<^\\u\\M,,r>,nqK[sk*Vij ]||t„(A) 



jk=l 

< H'wIlMefcrang^f (||[%-]||r„(ranqK) + ^) • 

Hence for each n, ||r„(mu)|| < ||n||Mc6ranqK < oo, and thus u G McbSo{G). 

□ 

We let MA{G) and M(.bA{G) denote the algebras of multipliers and com- 
pletely bounded multipliers of A[G). The following is immediate from the 
proposition above. 

Corollary 5.2. (i) MA{G) C MSo{G) with ||tt||Mrangif < ||^t||MA for any 
u G MA{G) and K as above. 
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(ii) McbA{G) C McbSo{G) with llnllA^^rangA' < il'"llAf,i,A for any u € 
MchA{G) and K as above. In particular, Sq{G) is a completely contractive 
B{G) -module. 

Proof. The only thing which does not follow directly from the proposition 
above is that Sq{G) is a completely contractive i?(G)-module. This can be 
seen by a straightforward modification of the proof of the fact that Sq{G) is 
a completely contractive A(G)-module in [M]. □ 

We are now ready to state the main result of this section. 

Theorem 5.3. Let G he a locally compact group, and let H he an open sub- 
group of G such that H is weakly amenable and Ah has a bounded approx- 
imate indicator in B{H x H). Then Sq{G) is operator biflat. In particular, 
So{G) is operator pseudo-amenable. 

Proof. We first prove that So{H) is operator biflat. Let {fa}a£i be a 
bounded approximate indicator for Ah. For each a I, define the op- 
erator Pa : So{H X H) ^ So{H X H) by 

Paiu) = Ufa (a G /). 

By the preceding corollary, each pa is a completely bounded B(H x H)- 
bimodule morphism. Moreover, 

\\Pa\\cb < \\fa\\B{HxH) < M, 

where M = sup{\\fa\\B{HxH) \ ae I}. Let p : So{H x H) SoiH x H)** be 
a cluster-point of pa in the W*OT of CB{So{H x H), So{H x H)**). Clearly 
/9 is a B{H X ff)-bimodule morphism. Let 

I{Ah) = {ue So{H xH)\u = Oon Ah}; 

and 

Io{Ah) = {u £ So{H X H) I u has a compact support disjoint from Ah}- 

It is easy to see that, for each u € Iq{Ah), ufa ^ as a ^ oo. On the 
other hand, from Proposition 15.11 and 34, Theorem 3.1], Sq{H x H) has an 
approximate identity bounded in its cb-multiplier norm. Hence from the 
fact that Ah is a set of synthesis for A{H x H) [351 Theorem 3], it follows 
that Io{Ah) is dense in I (Ah). Thus, for u £ I (Ah) and e > 0, there is 
Ue G Io{Ah) such that \\u — u^W < e. Hence 

\\ufa\\ < \\iu-U^)fa\\ + \\uJa\\ 

< \\u — U^\\M + \\Uefa\\ 

< eM + \\uJa\\ 
eM, 

as a ^ oo. Thus ufa — > as a — > oo. This implies that p = on I{Ah). 
Hence 

^{Ah) 
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is well-defined. Using the identification So{H x H)/I{Ah) = So{H) (see [Ml 
Theorem 3.3]), we can assume that p is defined on Sq{H). It is clear that p 
is a continuous i?(//)-bimodule morphism, and so, it is a S'o(^/^)-bimodule 
morphism. Moreover, if tt : So{H x H) So{H) is the multiplication map, 
then TT** op is the canonical embedding of So{H) into So{H)** . Hence So{H) 
is operator biflat. 

Now by [34', Corollary 2.6], there is a natural completely bounded algebra 
homomorphism from So{G) onto £^(T)®So{H), where T is a transversal for 
left cosets of H and £^{T) has pointwise multiplication. Hence, by Proposi- 
tion [2]8]^iii), So{G) is operator biflat. Moreover, from Proposition 15. 11 So{H) 
has an approximate identity bounded in its cb-multiplier norm. Since the 
same is true for £^{T), it follows that So{G) has an approximate identity 
bounded in its cb-multiplier norm. Hence, from Theorem 12.41 So{G) is op- 
erator pseudo-amenable. □ □ 
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